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REAL INTERPOLATION WITH WEIGHTED 
REARRANGEMENT INVARIANT BANACH FUNCTION SPACES 

RALPH CHILL AND SEBASTIAN KROL 


Abstract. Motivated by recent applications of weighted norm inequalities to 
maximal regularity of first and second order Cauchy problems, we study real 
interpolation spaces on the basis of general Banach function spaces and, in par¬ 
ticular, weighted rearrangement invariant Banach function spaces. We show 
equivalence of the trace method and the X-method, identify real interpolation 
spaces between a Banach space and the domain of a sectorial operator, and 
reprove an extension of Dore’s theorem on the boundedness of i7°°-functional 
calculus to this general setting. 


1. Introduction 

In the interpolation theory the real interpolation spaces play a prominent role 
because they appear naturally as trace spaces of, for instance, classical Sobolev 
spaces on domains and are thus connected to the regularity theory of elliptic or 
parabolic boundary value problems. In the abstract setting, they appear as trace 
spaces of certain weighted, vector-valued Sobolev spaces on the real half-line and 
find here their connection to abstract Cauchy problems in Banach spaces, namely 
as the spaces of initial values for which the solutions have some described time 
regularity; see, for example, the monographs by Butzer & Berens IS], Lunardi 
[251126] and Triebel ^8]. 

It is this connection to abstract Cauchy problems in combination with some 
recent results from Chill & Fiorenza |8] and the present authors mm on the ex¬ 
trapolation of LP-maximal regularity to maximal regularity in weighted rearrange¬ 
ment invariant Banach function spaces which is the motivation of this article. We 
consider real interpolation spaces defined by the trace method, however, with the 
usual power weighted spaces on the half-line replaced by general Banach func¬ 
tion spaces over IR_|_. Real interpolation spaces in this general setting have already 
been studied, although they are usually defined by Peetre’s A-method. Bennett, for 
example, extended the A-method by replacing the classical weighted spaces by 
unweighted rearrangement invariant Banach function spaces |5] . On the other hand, 
several authors studied extensions of the A-method using more general weights than 
power weights, staying however within the scale; see for example Kalugina [19] 
(quasipower weights), Sagher [35] (weights of Calderon type), and more recently 
Bastero, Milman & Ruiz [2] (Calderon weights). In [2] were also considered the 
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classes of weights w, introduced in Ariho & Muckenhoupt [T], such that the Hardy 
operator is bounded on the cone of decreasing functions in . Real interpolation 
spaces on the basis of general Banach function spaces have been studied in Bennett 
& Sharpley [4] and Brudnyi & Krugljak [5]. 

Given an interpolation couple {X, Y) of Banach spaces, and given a Banach func¬ 
tion space $ over 1R+, we recall in Section [2] the definitions of the real interpolation 
spaces [A, F]<i, and (A, F)$ by the trace method and the AT-method, respectively, 
and we show that they coincide under some assumptions on $ which include the 
boundedness of the Hardy operator. Although the content of this section is straight¬ 
forward, we include it, mainly because our setting slightly differs from the setting 
in Brudnyi & Krugljak, but also because the Hardy operator is a main tool in the 
rest of this article. 

Like in the classical case, the identification of the real interpolation spaces by 
other methods is an important issue. In the literature there exists a number of 
results on the identification of the classical real interpolation spaces between the 
domains of powers of sectorial operators and the underlying Banach space. Secto¬ 
rial operators arise in the theory of partial differential equations as well as in the 
abstract setting, for example as negative generators of Co-semigroups. A represen¬ 
tation of the classical interpolation spaces as Besov type spaces was studied by Ko¬ 
matsu [5D] (see also Triebel [5H]), Haase [M Chapter 6], and Kalton & Kucherenko 
[HI; see also relevant results due to Kriegler & Weis [22] and Kunstmann & Ull- 
mann [23j . In Section [S] given a sectorial operator A on a Banach space A, with 
domain Da, we characterise the real interpolation spaces (A, via the holo- 

morphic functional calculus fTheorems 13.II and l3.4|) and via regularity of semigroup 
orbits (Theorem 13.511 . We then apply these characterisations in order to recover a 
consequence of a version of a theorem of Dore, due to Kalton & Kucherenko [n],by 
showing that the part of a sectorial operator A in the interpolation space (A, D^)$ 
always admits a bounded iL°°-functional calculus (Theorem 13.6p . 

As mentioned above, the boundedness of the Hardy operator (and sometimes also 
its formal adjoint and the Calderon operator) on the underlying Banach function 
space is a crucial ingredient in various proofs. This follows already from a close 
analysis of Bennett’s approach. Section |4| is thus devoted to the study of the 
boundedness of the Hardy operator on weighted rearrangement invariant Banach 
function spaces. In particular, we introduce the classes Me of weights w such 
that the Hardy operator is bounded on A characterisation of the class Me 
for general rearrangement invariant Banach function spaces E, for example in the 
spirit of Muckenhoupt’s condition, is, to the best of our knowledge, not given in the 
literature. However, in Section |4| we show that A~^ C Me for every rearrangement 
invariant Banach function space E with Boyd indices pe, 9e G (!> oo); see Theorem 
14.21 and Corollary 14.31 The class A~^ has been dehned in [5] and is a rather large 
class of weights for which an extrapolation result for singular integral operators (in 
the spirit of Cruz-Uribe, Martell & Perez m and Curbera et al. [T2|) as well as 
an extrapolation result for maximal regularity of Cauchy problems holds true. In 
particular, this class contains all restrictions of Muckenhoupt weights to the positive 
half-line, as well as all positive, decreasing functions on (0,oo). 

The connection to the first order Cauchy problem is shortly described in Section 
[5| Knowing the precise time regularity of solutions, depending on the initial values 
and right-hand sides, is fundamental for applications to fully nonlinear evolution 


REAL INTERPOLATION WITH WEIGHTED REARRANGEMENT INVARIANT BFS 


3 


equations. Potential applications of the general real interpolation spaces exist, how¬ 
ever, also in the context of perturbation theory for abstract Cauchy problems like, 
for example, in Haak, Haase & Kunstmann m, or in the study of nonautonomous 
Cauchy problems, namely when regularity of the underlying operator family in some 
interpolation space is part of the assumptions for proving existence and uniqueness 
of solutions; see Yagi [39]. 

It would be desirable to have an inner description of the real interpolation spaces 
in the case when the sectorial operators are concrete partial differential operators 
and their domains are concrete function spaces. In the case when these operators 
act on spaces and when their domains are classical Sobolev spaces, we think of 
characterizations of the resulting Besov spaces in terms of integrability properties 
of functions and their translates; see Triebel [Ml §3.4.2, p.208]. Let us mention, 
however, that sometimes such a description amounts to identify trace spaces of 
more complicated, anisotropic, weighted Sobolev spaces, a problem which has only 
recently been solved in the L^’-setting with power weights; see Meyries & Schnaubelt 
[29l |3Q] and Meyries & Veraar [31] ■ 

2. Generalised real interpolation spaces 

In this section we review the real interpolation functors of the trace method in the 
context of general Banach function spaces $ instead of weighted spaces. We give 
a short proof of the fact that we are really dealing with interpolation functors, and 
then we show that the trace functors coincide with the real interpolation functors 
of the if-method if the Hardy operator is bounded on $. 

Throughout, all function spaces - with the exception of spaces of holomorphic 
functions - are function spaces over the domain [R_|_ := [0, oo). We denote by A4 
the set of all complex measurable functions on [R-|_ equipped with the topology 
of convergence in Lebesgue measure, and we let be the space of all locally 
integrable functions on 1R+. 

Following [5] , a Banach space $ is called a Banach function space (over 1R _|_) 
if it is both a Banach lattice and an order ideal of M. This means that $ is a 
sublattice of M, and |/| < Igl, g € f G M, implies / G 4) and ||/||$ < llffll*. 
This definition is consistent with Meyer-Nieberg [M], for instance, where it is used 
in the sense of complete Kothe function space, but it differs from the definition in 
Bennett & Sharpley [4], where in addition a Fatou property is required to hold. 
Note that in Brudnyi & Krugljak [5], Banach function spaces are called Banach 
lattices. 

The trace method. This interpolation method is relevant for the applications to 
Cauchy problems. Let 4> be a Banach function space which embeds continuously 
into Given a Banach space X, we define the vector-valued variant of $ by 

<i)(Y) := {/ : IR+ —>• Y measurable : \ f\x G 'll}. 

This space is a Banach space for the norm ||/||$(js:) := lll/U||$ (for simplicity, as 
it is usually done, we identify the space of measurable functions with the space of 
equivalence classes of measurable functions). 

Let (Y, Y) be an interpolation couple of Banach spaces. Consider the space 

W^’^iX,Y) := {u G Wll{X + Y) : u G <^{Y),u G $(Y)} . 
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which is, thanks to the continuous embedding $ C Lj^^, a Banach space for the 
natural norm. 

Then we define the corresponding trace space 

T^{X,Y) := [X,Y]^ := {u(0) : u € W^’‘^{X,Y)} 
which is a Banach space for the quotient norm 

|a;|[A,Y] 4 , := inf {||u||$(y) + ||m||<i>(jc) : u G W^’'^{X,Y),u{0) = a;} . 

We say “quotient norm” because 

:= {u G W^'‘^{X,Y) : m(0) = 0} 

is a closed subspace of W^''^{X,Y) and the trace space equipped with the above 
norm is isometrically isomorphic to the quotient space {X^Y)/W^'^{X^Y). 

Our first lemma shows that T$ is an interpolation functor if and only if X(o,i) G 

Lemma 2.1. Let ^ he a Banach function space such that $ C continuously, 
and let {X, Y) be an interpolation couple of Banach spaces. 

(i) If [X, y]$ 7 ^ {0}, then X{o,t) G for some r > 0. 

(ii) If X(o,t) G ^ for some t > 0, then [X, y]$ is an interpolation space relative 
to (X,Y). 

Proof, (i) Let x G [X,y]$. By definition, there exists u G Wlfl{X + T) 0 $(T) 
such that m(0) = x. If a; 0, then, by continuity of u with values in X + Y, there 
exist T > 0, c > 0 such that 

X(o,r) < c|m|x+y < c|u|f a.e. on (0, oo). 

This gives X(o.t) G 

(ii) First we show that, if X(o,t) G $, then X CiY C [X, y]$ C X + Y with 
continuous embeddings. Assume that X(o,t) G $ for some r > 0. Choose any 
function ip G C'^(IR+) such that (^(0) = 1 and suppi/) C [0,r]. Then for every 
X & Xr\Y one has p{-) x G W^''^{X, Y), which implies x G [AT, y]$ and |a:|[x,Y]<|. < 
||(/?||$|a;|Y + ||(^||$|a;|x <C'|a;|xny- For the second inclusion, since <I> is continuously 
embedded into L]^^, there exists a constant C > 0 such that 

II/X[o.t]IIli < C'||/x[o.t]II<i> for every / G $. 

Let X G [X,y]$. Let u G W^’^{X,Y) such that u(0) = x. Note that x = 
X — u{t) + u{f) = — lids + u{t) (t > 0). Consequently, 

\x\x+Y < I f udsljf + |M(t)|Y 
Jo 

< C||u||<[.(x) + |M(f)|Y (tG(0,r)). 

Therefore, 

IIX(0,t)II$ |a;|A+Y < C'||M||$(jf) ||X(0,T)lk + l|u||$(Y), 

which gives the desired claim. 

Finally, in order to prove the interpolation property of [AT, y]$, let T be an 
admissible operator with respect to the couple (A", Y). Then T induces in a natural 
way the bounded multiplication operator, again denoted by T, on W^'^{X, Y) given 

by 


{Tu){t) := Tu{t) {u G W^'^{X, Y), t G R+). 
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This multiplication operator leaves the subspace {X,Y) invariant and thus 
induces a bounded operator on the quotient space {X,Y){X,Y). With 
the natural identification, this multiplication operator on the quotient space coin¬ 
cides with the original operator T. □ 

The if-method. This section closely follows [5]. Again, let {X,Y) be an interpo¬ 
lation couple of Banach spaces and let $ be a Banach function space. Recall first 
the definition of the K-functional, that is, for every x £ X -\-Y and t > 0 put 

K{t, x) := inf {|a|js: -I- t|6|v : a € X,b € Y, a b = x} . 

With the help of the AT-functional, we define the space 

A:<i,(A, Y) := (A, y)<i. := {x e A -t y : [(0, oo) ^ t ^ A(t, a;)] S , 
and equip it with the norm 

k|(A,y). {x € {X,Y)^). 

This definition of real interpolation spaces differs very slightly from the one in 0 
Section 3.3], where $ runs through Banach function spaces containing the function 
min(l, •), and x G A$(A, Y) iff K{-, x) G $. The point is only the factor i between 
the two definitions. The requirement min(l, •) G $ in the setting of is natural 
as the following lemma shows. In fact, is an interpolation functor if and only 
if min(l, (•)“^) G $; cf. [SJ Proposition 3.3.1]. 

Lemma 2.2. Let ^ be a Banaeh function space. Then the following conditions 
hold. 

(i) If (A,y)$ ^ {0}, then min(l, (•)“!) G $. 

(ii) //min(l, (•)“^) G then (A, y)$ is an interpolation space relative to 
(A, A). 

The proof is standard, we include details for the convenience of the reader. 
Proof, {i) Note that for every a: G A -|- A we have 

mm{l,t~^)\x\x+Y <t~^K{t,x) (< > 0). (1) 

Therefore, the claim follows from the order ideal property of ih. 

(ii) First note that A fl A C (A, A)$ C A -|- A continuously. Indeed, the first 
embedding follows directly from 

t~^K{t,x) < min(l,t“^) la;lxny (f > 0,a; G A fl A), 
and the second one, from (HD above. 

Let us show that (A, A)$ is a Banach space. Let J2n absolutely conver¬ 

gent series in (A, A)$. We have to show that this series is convergent. By definition 
of the norm in (A, A)<i,, the series '^„{-)~^K{-,Xn) is absolutely convergent in $, 
and by CD, the series Xn is absolutely convergent in A -|- A. The spaces <i> and 
A -I- A being complete, the preceding two series converge to some elements 0 G d) 
and a; G A -I- A, respectively. Since, for every t > 0, K{t, •) is a norm on A -|- A, 
the triangle inequality yields, for every n G N, 

n 

{■)~'^K{-,x- ^ Xm) < X! everywhere on (0,oo). 

m—1 m'>n 

By 0 Lemma 3.3.2], the series ^K{-,Xn) converges pointwise almost every¬ 

where to (j), and hence the right-hand side of the inequality above can be estimated 
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by (j). The ideal property of $ thus implies x G {X, y)<i.. The convergence of Xn 
to X in {X, y)$ then follows from the above inequality and absolute convergence of 
the series 2 ;„) in $. 

Finally, let T be an admissible operator relative to {X,Y). We show that T is 
bounded on (X, y)<i, with the operator norm 

\T\c{{x,y)^) < inax(|r|£(x), |r|£(Y)). (2) 

li X G {X, T)$, then for every a G X and h gY such that a + 6 = a;, we have that 

|Ta|x + t\Tb\Y < max(|r|£(x), |T|£(y)) (lalx + t|6|y), {t > 0). 

Consequently, 

K{t,Tx) < max(|T|£(jc), \T\c(y)) K{t,x), 
which completes the proof. □ 

Equivalence of trace method and iF-method. Let p G [l,oo) and 0 G (0,1). 

In the case $ = the spaces [X, E]<i, and (X, T)$ both yield the 

classical real interpolation space which is usually denoted by {X, Y)e^p; see, for 
example, Proposition 1.13], [SS] Theorem 1.8.2, p. 44]. Our next aim is to show 
that the equality [X, y]$ = (X, y)$ still holds under rather ’general’ assumptions 
on $. 

Let P be the Hardy operator and Q its (formal) adjoint, that is, the integral 
operators given by 

1 poo 1 

Pf{t):=- f{s)ds, Qfit)-.= f{s)- 

t Jo Jt s 

for all / € A4 such that the respective integrals exist for all t G (0,oo). The 
maximal domain of P is hence the space while the maximal domain of Q is 
the set of all measurable functions f G M such that /x(t,oo) € dt) for every 

T > 0. By changing the order of integration one obtains 

pCO pOO 

/ fQg dt= gPf dt 

Jo Jo 

for all f,gGM such that Pf, Qg and the above integrals exist. 


Let £p (resp. £p+q) denote the class of Banach function spaces $ such that the 
Hardy operator P (resp. the Calderon operator P + Q) is bounded on 4>. Note that 
if $ G £p, then $ C and X(o,i) G $ if and only if min(l, G 4>. Moreover, 
by Lemmas l2.II fil and 12.21 lib if X(o.i) 4- then [W, y]$ = {0} = (X, y)$. 

The following lemma shows that the functors and coincide for $ G £p. 


Theorem 2.3. For every Banach function space $ G £p and every interpolation 
Banach couple {X,Y), [X, F]$ = (X, y)$. 


Proof of Theorem \2.S[ Let (X, T) be an interpolation Banach couple. Fix x G 
(X, y)<i,. We show that there exists u G 1F^’'®’(X, X) such that u(0) = x. For each 
n G N there exist On G X and bn G Y such that 

an + bn= X, \an\x + n~^\bn\Y < 2K{n~^,x). 


Set 


v{t) 

n—1 


u{t) := 



{t > 0). 
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By monotonicity, lim(_,,o+ K{t,x) exists, and since $ C continuously, we 

find necessarily that \\Tat^Q+ K(t,x) = 0. Thus, hmn_i>oo |an|x = 0, and \x — 
bn\x+Y < \an\x ^ 0 as 71 ^ oo. Consequently, x = lim(_^o+ '*^(0 = 

X + Y. Next, for every f > 0, 

OO 

\v{t)\Y <2 '^{n + l)K {{n + l)-^,x) X(^Y](.t) <4t~^K{t,x). 

n—1 

Therefore, |7;(-)|y 6 and ||7i||$(y) < A\x\(x,y)^- Since, |u(-)|y < -P(k(-)|v) on 
(0, oo), by the definition of £p, we get u € 'h(T) and ||u||$(y) < 4||P|l£($)|a;|(x,Y)4.- 
Let g{t) := Then M(t) =x - jf^gds, and 

If* 1 

^ 9*^^- -f9{t), 

where the derivative exists for almost every t > 0 in X. Since |g(t)|x < 2K{t,x), 
we get 

\uit)\x < [ snp \g{s)\x+ \g{t)\x]<dt~^K{t,x) (t > 0). 

0<s<t 


Consequently, ||ti||$(x) < 4 |x|(x,f)^- Thus, x € [X,Y]^ with 
kl[A.Y] 4 , < 4max(||P||£(<i,),l) |x|(x.y)^. 

To show the converse inclusion, let x € [X,Y]^. Let u G W^ '^{X,Y) such that 
7 t(0) = X. Note that x = x — u{t) + u{t) = — hds + u{t) (t > 0). Consequently, 


K{t, x) < 


tds 




Y 


{t > 0 ). 


X 


Therefore, we get |a;|(x,y) 4 , < ||C’||c(<i.) I|m||<i.(a) + l|M||<i.(y), that is, x G (N:,y)<i,. 
The proof is complete. □ 


Remark 2.4. (a) Following [24j . we define the lower and upper Boyd indices of a 
Banach function space $ respectively by 

r u r 

pg, := hm - ;—and qg, := lim - ;—, 

t->oo log 71$ (t) t->-o+log/i$(t) 

where hg,{t) = ||i4t||£($) and Dt : $ $ (t > 0 ) is the dilation operator defined by 

Dtf{s) = fis/t), 0 <t <oo, / G $. 

Of course, this definition of the Boyd indices is admissible only if the dilation 
operators are well defined and bounded on $. One always has 1 < p$ < 9 $ < oo; 
see, for example, [U Proposition 5.13, p. 149], where the Boyd indices are defined as 
the reciprocals with respect to our definitions. The Boyd indices can be computed 
explicitly for many examples of concrete rearrangement invariant Banach function 
spaces. For example, for the Lebesgue spaces $ = or the Lorentz spaces $ = 
one has pg> = qg> = p; see [U Chapter 4]. We refer the reader primarily to the 
monographs by Bennett & Sharpley [3] and Lindenstrauss & Tzafriri [24] for more 
background on rearrangement invariant Banach function spaces. 

By 01 Theorem 5.15, p. 150], the Hardy operator P (resp. P + Q) is bounded 
on a rearrangement invariant Banach function space $ if and only if p$ > 1 (resp. 
1 < p$ < g$ < 00 ). A close analysis of the proof of this result shows that the 
condition p$ > 1 actually implies $ G £p for all Banach function spaces $ with 
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norming associate space By the Lorentz-Luxemburg theorem [H Theorem 2.7, 
p.lO], every Banach function space with Fatou property has a norming associate 
space. 

(b) An interpolation space Z with respect to the interpolation couple (AT, F) is 
a K-monotone interpolation space if there exists a constant (7 > 0 such that the 
inequality K{-,y) < K{-,x) ioT x € Z and y € X Y implies that y € Z, and 
\y\z < C \x\z- By O Theorem 3.3.20], for any AT-monotone interpolation space Z 
there exists a Banach function space $ such that 

Z={x€X-. {■)-^K{-,x) e $} 

and \x\z ~ ||(•)“^A^(■,a;)||$ {x G Z). It is natural to ask whether for a gen¬ 
eral Banach function space $, which embeds continuously into and for which 
min(l, (•)“^) e $, the trace space [X, F]$ is a AT-monotone interpolation space, 
too. 


3. The functional calculus representation of generalised real 

INTERPOLATION SPACES 

Let X be a Banach space. A linear, not necessarily densely defined operator A on 
X is sectorial of angle 4> G (0, tt) if a(A) C and sup^iyg^yg^^, ^)|£(a) < oo 

for every 0' G {(f), n). Here, stands for the open sector {z G C : z ^ 0, | argz| < 
(p}. We simply say that A is sectorial if it is sectorial of some angle (p G (0, tt). For 
a sectorial operator A we define the angle of sectoriality by (pA '■= inf{(/) > 0 : A is 
sectorial of angle 0}. 

In this section, we provide an extension of the functional calculus representation 
of the classical real interpolation spaces (X, to the real interpolation spaces 

(X, D^)$. As in the case of the results from the previous section, the main ingre¬ 
dient in the proof of this representation is the boundedness of the Hardy operator 
P and its adjoint. We refer the reader to Haase [16] for the background on the 
holomorphic functional calculus of sectorial operators. In fact, following [16], let 
{p G (0, tt)) be the algebra of all bounded, holomorphic functions on 
and consider the following subalgebras of 

■■= {/ e : 3C, s > 0 s.t. |/(z)| < Cmindz^, |z|-^) (z G S^)}, 

8(S^) :=Aro°°(5^)©((l + z)-i)©(l). 

Assume that A is sectorial. Then for every / G H^{S^) {p G {Pa,t^)) one defines 

/(z)i?(z. A) dz, 

271* Jos^ 

and if/ = /o+i^+/*G (/o G X, y G C), then 

/(A) := /o(A) -|- A (/ + A) ^ + /r. 

In this way one obtains an algebra homomorphism £{S(j,) —>■ C{X), f >->• /(A), 
which is called the f-primary (holomorphic) functional calculus. 

In [ini Theorem 6.2.1], Haase proved the following generalisation of a classical 
result due to Komatsu: for every Re a > 0 

{X,DA^)e,q = lx G X : \t~^p{tA)x\'j^Y^ < ooj 
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and the norm \ ■ , is equivalent to \-\x + (/g°° \t~^'4i{tA) ■ Here, 

"0 is a bounded holomorphic function satisfying some growth conditions depending 
on a. For instance, ipi^) = ^“(1 + z)~°‘ is an appropriate function and the choice 
of this particular function corresponds to Komatsu’s original result [20l [21]. 

The following result extends the above characterisation to general real interpo¬ 
lation spaces. Recall that £p denotes the class of Banach function spaces $ such 
that the Hardy operator P is bounded on $. 

Theorem 3.1. Let A be sectorial and cj) € ((/>a, t). Assume that ij) is a holomorphic 
function on S,p such that the following properties hold: 

(i) if, (O'V e 

(ii) lim^^o z~^'ip{z) 0 and ip{^) ^ 0 for all z G 5*0, and 


sup 

zGS(f,,s>l 


ip{sz) 

S'lp(z) 


< 00 . 


Then, for every $ G £p with min(l, ■^) G 

{X, D^)$ = {x e X : [(0, oo) 9 t !->■ \t~^^|;{tA)x\x ] G $} 

and 

kl(A,D^)4. |a;U + {x G (X, 0 ^) 3 ,). 

If, in addition, A is invertible, then 

\x\(x,Da),> - (x G (X, Da)$). 

Remark 3.2. Theorem [O] extends a result by Kalton and Kucherenko in [TBj; see 
[B Theorem 5.4] (for a — 0, t = 1). Our approach differs from the one in [TH] in a 
few points. First, our notion of sectorial operator A does not require A to be one- 
to-one, nor does it require that the domain and the range are dense in X. 
Second, our assumption on the Banach function space $ does not require that the 
space of essentially bounded functions with compact support in (0, 00 ) is dense 
in $, nor do we impose a restriction on the upper Boyd index. The assumption on 
the lower Boyd index of the Banach function space $ corresponds to our assumption 
on the boundedness of the Hardy operator on $; compare with Remark 12.41 (a). 

Note that is not dense in the Lorentz space $ := LP’°°. If one denotes by 
$0 the closure of in $, then one can show that (X, F)$q is a proper subset of 

(x,y)$. 


The proof of Theorem l3.1l follows essentially the lines of the proof of [B Theorem 
6.2.1] (the case Rea = 1). The new point of our approach is to replace the Hardy- 
Young inequality (used, for example, in [161 Lemma 6.2.6]) by the boundedness of 
the Hardy operator P on $. For the convenience of the reader we sketch the proof 
of Theorem 13.11 

Proof. We first show the inclusion “D”. By [161 Lemma 6.2.7], there exist functions 
/ G and g G £{S^) such that 
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Set 

/■I flo 

hi{z) ■— / {f'il}){sz )— and h 2 {z) := g{z)tj}{z)z~^ (z G S'^). 

do s 

Note that hi, /12 G £{S^) ([121 Example 2.2.6]), and x = hi{tA)x + h 2 {tA)x for 
every x & X and every t > 0. By algebraic properties of the f-primary functional 
calculus, see for example [HI Theorem 2.3.3], 

h 2 {tA)x G and Ah 2 {tA)x = g{tA)^l){tA)x {x € X, t > 0). 

Thus, on the one hand, 

K(t, x) < \hi{tA)x\x + t \h 2 {tA)x\D^ {x € X, t > 0). 

On the other hand, by [161 Proposition 2.6.11], there exists a constant C >1 such 
that 

\h 2 {tA)x\x < C\x\x, and 
\Ah 2 {tA)x\x < Ct~^\ip(tA)x\x {x € X, t > 0). 

Since ](J^i/i)(tAl)x|x ^ O|'0(t^)x]x, see again m Proposition 2.6.11], one has 

7 / {fi^){stA)x— 

t Jo ^ X 

f \{fil;)(sA)x\x- 

< CP{{-)-^\,p{-A)x\x){t) ixex,t> 0 ). 

Combining the preceding estimates, and since K{t,x) < \x\x, we obtain 

t~^K{t,x) < C {P{{-)~^\'tl}{-A)x\x){t) +t~^\^{tA)x\x +min(l,t“^) |a;|x) (3) 

for every x ^ X and every t > 0. This estimate and Lemma l4T] yield the inclusion 
“O” and the corresponding estimate for the norm. 

To prove the converse inclusion “C”, note that 'tp{tA)x = 'tl;{tA)a + tj{tA)Ab 
for every x = a + b with a € X and b G D^, where 7 ( 2 ) := ip[z)z~"^ {z G S^f,). 
Hence, by [HI Proposition 2.6.11], \4>{tA)x\x < C(|a|x + ^I^Ida) > 0)- Since 
min(l,t“^) \x\x < t~^K{t,x) {x G X) and min(l,t“^) G <i> (see Lemma [4T|) . this 
proves the converse inclusion. 

If, in addition, A is invertible, then | • ]da — 1^1 ■ \x, and therefore the last term 
on the right-hand side of ©, which comes from an estimate of \h2{tA)x\x , can be 
dropped. In that case, we obtain |a:|(x,DA) 4 . — ^ The other 

inequality is proved as above. □ 

Remark 3.3. One can easily check that the function ipi^z) := ze“^ satisfies the 
assumptions of Theorem 13.II for every (j> G ( 0 , 7 r/ 2 ). Hence, if —A is the generator 
of a bounded holomorphic Co-semigroup on X, then we get the representation 

{X, Dx) 3 > = {x € X : [(0, 00 ) 9 t !->■ ] G ‘f’} (4) 

and 

|J'I(a,Da)# ~ IJ'Ia T 11 ^^ ^ll$(x) ^ (^jDa)$) 

for any $ G £p. For the classical real interpolation spaces (X, Dx)e,q {0 G (0,1), 
q G [1, 00 ]), this representation is well-known; see Komatsu [20] or Butzer & Berens 
[ 6 ]. We point also out that if an operator A has LP-maximal regularity, then —A 
generates a holomorphic Co-semigroup. 


t ^\hi{tA)x\x = 
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Our next result shows that under additional assumptions on the Banach function 
space one can get the conclusion of Theorem 13.11 for all functions ip satisfying 
merely the condition (i) of Theorem 13.11 cf. [THl Theorem 6.2.9]. Recall that £p+q 
stands for the class of Banach function space $ with min(l, ■^) G $ and such that 
the Calderon operator P + Q is bounded on d). 

Theorem 3.4. Let A be sectorial and (p G {cpA,'^)- Let ip ^ 0 be any holomorphic 
function on S,p such that ip, {■)~^ip G S{S^). Then, for any Banach function space 
$ G S^p+Q we have 

{X, D^)$ = {x G X : [(0, cx)) 9 t i-A \t~^ip{tA)x\x ] G $} 

and 

kl(x,D^)4, |a:U + ||(•)■^IV’(■^)a:U||$ {x G (X, D^)$). 

If, in addition, A is invertible, then 

\x\(x,Da)^ - ||(•)■^IV'(•^)a;|x||<J {x G {X, Dyi)$). 

The proof follows the lines of the proof of [M Theorem 6.2.9]. We provide only 
the main supplementary observations which should be made. 

Proof. As in the proof of Theorem 13.11 we first prove the inclusion “A” . By [T6l 
Lemma 6.2.5], there exists a function / € H°°{S,p) such that / := (•)/ £ iL“(5'0) 
and {fip){s)^ = 1. Define the functions hi and /12 as follows: 

ds ds 

hiiz) := / {fip){sz )— and h 2 {z) := / {fip){sz )— {z G S^). 

Jo s Ji s 

Then, hi, /12 G £{S^) (see [1^1 Example 2.2.6]), and h = (•)/i 2 € with 

h{A) = s~^{fip){sA)^; see [HI Lemma 6.2.10]. Therefore, for every x G X 

and t > 0 we have x = hi{tA)x + h 2 {tA)x with h 2 {tA)x G D^i. Thus, 

K{t,x) < \hi{tA)x\x + ^|/l 2 (^A)aI]D. 4 ■ 

By [m Proposition 2.6.11], there exists a constant C > 1 such that 

\h 2 {tA)x\x < C\x\x, 

\{fip){tA)x\x < C\ip{tA)x\x, and 
\{fip){tA)x\x < C \ip{tA)x\x (x G X,t> 0). 

Therefore, 

t~^\hi{tA)x\x < 7 / \if'P’){sA)x\x — 
t Jo s 

<C^ [ \ip{sA)x\x — 

t Jo s 

<CP{{-)-^\iP{-A)x\x)it) 

and 

r°° ~ ds 

= / s-\fiP){stA)- 

Jt s X 

/■“ ds 

<c s~'^\ip{tA)x\x — 

Jt s 

<CQ{{-)-"\i,{-A)x\x){t). 


\Ah2{tA)x\x 
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Combining the preceding estimates, and since K[t,x) < \x\x, we obtain 

t~^K{t,x) <C {{P + Q){{-)~'^\ij}{-A)x\x){t) + min(l,t“^)|a;|x) (5) 

for every x € X and t > 0. This estimate gives the desired claim. A similar 
argument as in the proof of Theorem 13.11 yields the converse inclusion. 

If, in addition, A is invertible, then | • |d^ — \A ■ \x, and therefore the last term 
on the right-hand side of (O, which comes from an estimate of \h 2 {tA)x\x, can be 
dropped. In that case, we obtain |a:|(js:,DA) 4 . — ^ ||(■)~^IV'(■^)2;|A:||^■ The other 
inequality is proved as above. □ 

A limit case occurs in the statement of Theorem lO when (f)A = ^, that is, A is 
sectorial for all angles (j) S (f,7r), but ip is only bounded on the sector S:e. This 
situation occurs for example when —A is the generator of a bounded Cp-semigroup 
T and ip{z) = e~^ — 1. The connection between interpolation theory and semigroups 
was discovered by J. L. Lions; see ^51 Section 1.13] for references. For example, the 
real interpolation spaces {X, ^ admit the following semigroup characterisation 

[57] : if 0 G (0,1), q G [1, cxd), then 

( r°° c\t 

(A, DA)B,g = ^XGX: < oo 

A simple modification of the proof allows us to give the following extension of this 
result. 

Theorem 3.5. Let —A be the generator of a bounded Co-semigroup T on a Banach 
space X. Then for every Banach function space $ G £p, 

(A, Dh)$ = {a; G a : [(0, oo) 9 t ^ - I)x\x] G $} (6) 

and 

\x\{x.DaA - 1*1^ + IKO'^KTC-) - I)x\x\\g, {x G (A, D^)^). 

The proof follows the lines of [38l Theorem 1.13.2]. For the convenience of the 
reader we sketch its pattern. 

Proof. An analysis of the proof of [551 Theorem 1.13.2] shows that the couple 
(A, Da) is quasi-linearizable with respect to the operator-valued functions Vq and 
Vi, where Vo{t)x := j f*{T{s)x — x) ds and Vi{t)x := x — Vo{t)x {x G X, t > 0). 
Therefore, there exists a constant C such that 

K{t,x) < \Vo{t)x\x + t\Vi{t)x\D^ < CK{t,x) {x G X, t > 0). 

Fix t > 0 and x G X. Note that tAVi{t)x = A f* T(s)ds = T(t)x — x. Thus, 

t\Vi{t)x\DA < \T{t)x - x\x + sup |T(s)|£(x) t|x|x- 

s>0 

Moreover, note that |Fo(t)x|x < ((•)“^ |r(-)x — xjx) (t), and recall that A(t, x) < 

]x|x- Consequently, we get 

K{t,x) < C [tP ((•)“^|T(-)x - xjx) {t) + min(l,t)|x]x + \T{t)x - x\x), 

where C is a constant independent of x and t. Since also \T{t)x — x\x < C K{t, x), 
by applying Lemma 14.11 the proof is complete. □ 
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Our last result in this section extends a theorem of Dore on the boundedness 
of the i7°“-functional calculus for sectorial operators. Dore proved in [13] that 
every invertible sectorial operator A on a Banach space X has a bounded 77°°- 
functional calculus in each real interpolation space {X,DA)e,q {0 G (0,1), q G 
[l,oo]). Dore’s proof is based on the reiteration theorem. Subsequently, Haase 
provided an alternative approach which does not rely on the reiteration theorem and 
gives also an extension of Dore’s result to the class of injective sectorial operators 
and the spaces {X, D^c n RA“)e,<j; see [HJ Theorem 6.5.3 and Corollary 6.5.8]. 

In [TS], Kalton and Kucherenko further extended Haase’s result by considering 
general real interpolation spaces {X, Da H Ryi)$ and by proving that the part of A in 
these spaces has absolute functional calculus, a property which is even stronger than 
a bounded 77°°-functional calculus. In this respect, our last result in this section 
is weaker. For a comparison of the setting here and in Kalton & Kucherenko, see 
Remark 13.21 

In the case of invertible sectorial operators we extract a simple alternative proof 
of Dore’s theorem, which extends to our general setting. 

Let A be an injective, sectorial operator, and let $ G £p. Put e (^) ■- irq^ 
{z G C), so that fe G for every / G For every / G 77°° 

{4> G {(j)A,'n')) one then defines 

f{A) -.= A-\I + A)^fe){A) 

with maximal domain, so that f{A) is a closed operator. We say that A has a 
bounded 77°°(5'0)-functional calculus if there exists a constant C > 0 such that 

\f{A)x\x < C II/IIpo. |xU (/ G X G D^(^)). 

Note that, by Theorem l3.ll since the resolvent of A commutes with 'tp{tA), the part 
of a sectorial operator A in {X, D_ 4 )$ is again a sectorial operator. 

Theorem 3.6 (Dore type theorem). Let A be an invertible, sectorial operator on 
a Banach space X. Then, for every Banach function space $ G Tp+g and every 
(j) G (^Ajt), the part of A in {X, 0^)$ has a bounded H°°{S,p)-functional calculus. 

Let denote the part of A in {X, D^)$. Furthermore, note that /(A$) is the 
part of f{A) in {X, Dyi)^,. 

Proof of Theorem \3.6[ Fix a G (0,1). Let 7(2) := z“(l -|- z)~^ and 'tp{z) := z{l + 
z)~^ (z G S,^). Note that if, (•)“ V G £{S^), and ^if, {■)~^'yif G C 

Let / G By algebraic properties of holomorphic functional calculus, see 

for example m Theorem 1.3.2], we get 

{'yip){tA)f{A)x = {jtf){A)if{tA)x (t > 0, a; G D/(^^)), (7) 

where 'yt{z) '■= "f{tz) (z G S^). Moreover, since 'jtf G 77^(5',^), we have that 

htf){A) = ^f f{z)jt{z)R{z,A)dz (7>0), 

27ri Josg 
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where /3 e Thus, if M := \zR{z, A)\c{x), then 

\{lif){A)\c(x) < [ Mz)\^Mz\ 

JdSp \z\ 

2MII/IU r 1 

27r Jq 11 + tre’’^ \ r 

^ 2 MII/IU r g" 1, 

27r Jq 11 + se®^ I s 

< a.A ll/lloo. 

This inequality, combined with the estimate 0, yields 

\{"i'ljj){tA)f{A)x\x < Ca,A \\f\\oo\i’itA)x\x {x e t > 0). 

Therefore, by Theorem 13.41 the proof is complete. □ 

Remark 3.7. The question arises whether f{A^) is densely defined and thus ex¬ 
tends to a bounded operator on (X, Dyi)$. In this context, note that if A is invert¬ 
ible, then A^ is invertible, too. Furthermore, is a core for f{A^), so that the 
question above reduces to the question whether A^ is densely defined. By Theorem 
13.41 this question has a positive answer if A is densely defined and $ has absolutely 
continuous norm. 

4. Weighted inequalities for the Hardy operator 

In this section we identify subclasses of £p and Hp+g which play a role in 
applications to Cauchy problems. Throughout this section, let E be a rearrangement 
invariant Banach function space over (lR+,dt) equipped with the Banach function 
norm || ■ ||e. Examples of rearrangement invariant Banach function spaces are the 
LP spaces {p G (l,oo)), the Lorentz spaces L^’'^ {p, q G [l,oo)), and the Orlicz 
spaces L*. 

A measurable function w : (0, oo) —>■ (0, oo) is called a weight on (0,oo). We 
assume throughout that weights are locally integrable on (0,oo), and sometimes 
restrict to weights which are locally integrable on Rp = [0, oo). 

Denote by AI'*" the cone of all nonnegative, measurable functions in A4. Given 
a weight w on (0, oo), we define for every function / G A4~^ its distribution function 
Wf : (0, oo) —>■ 1R+ by 

u>/(A) := u;({|/| > A}) (A > 0), 

and its decreasing rearrangement with respect to the weighted Lebesgue measure 
w dt, /* : 1R+ ^ [R+ by 

/*(t) := inf{A > 0 : u;/(A) < t} (t > 0). 

Then we define || • ||e„ : A4+ —>■ [0, oo] by ||/||e„ := ll/jDIk- By [U Theorem 
4.9, Chapter 2], || • ||e„ is a rearrangement invariant Banach function norm over 
{R+,wdt). We put 

:={/gA4 : ||/||e„ < (X)}, 

and equip this space with the semi-norm || • ||e„,. By passing to a quotient space 
we obtain in this way a Banach space, which is by abuse of notation again denoted 
by Eu,. Note that, in the case of E = {p G [l,oo)), the weighted space 
thus defined coincides with the usual weighted space L^(1R+, wdt). It follows from 
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the definition that the spaces E^, are always order ideals in A4 and they are thus 
Banach function spaces in the sense of this article. 

Given a rearrangement invariant Banach function space E, we denote by Me 
(resp. M^) the class of all weights w S °®)) Q L]^c (resp. E^, 

is a subset of the maximal domain of Q) and such that the Hardy operator P (resp. 
its adjoint Q) is bounded on E^,. Moreover, we set Ce '■= Me n M^ for the class of 
weights such that the Calderon operator P + Q is bounded on E^,; necessarily we 
require here E.^, C L^(R_|_; min(l, dt). 

Lemma 4.1. Let E be a rearrangement invariant Banach function space, and let 
w be a weight which is locally integrable on (0,oo). Then w is locally integrable on 
1R+ if and only if Xip.i) G ^w 

Proof Note that X(o,i) G E^, if and only if (x(o.i))^ = X(o,ffw) G E if and only if 
fg w is finite. □ 

By [32l Theorem 1], a weight w on (0, oo) belongs to Mlp =: Mp {p G (1, oo)) if 
and only if it satisfies the condition 

NMp:=sup^y w^~P'{s)ds'^ < oo. {Mp) 

For p = 1, w € Ml if and only if 

[Mmi ■■= \\Qw/w\\Laa(^E+) < OO (Ml) 

The classes Mp for p G [1, oo) are defined analogously and one has MP = : 

w G Mpi} with [w]mp = for p G (l,oo), and w G M^ if and only 

if \\Pw/w\\i^^(^E+) < oo. Weighted estimates for the Hardy operator P in Lorentz 
spaces have been studied by several authors; see, for example, Martin & Milman m 
and the references therein. To our best knowledge, the description of the classes Me 
and M^ for an arbitrary rearrangement invariant function space E is not provided 
in the literature. The following result, however, identifies a large subset of weights 
included in Me and M^; see also Remark 14.51 below. 

Theorem 4.2. Let E be any rearrangement invariant Banach function space over 
(R+,dt) with Boyd indices pe, Qe G (1,oo). Then the following statements hold: 

(a) For every weight w G Ug<pE operator P is bounded on E^, that is, 

[J Mg C Me- 

q<PE 

(b) For every weight w G Uij<pE operator Q is bounded on E„,, that is, 

y M”? C M^. 

9<PE 

(c) For every weight w G U5<pe , the Calderon operator P + Q is 

bounded in Ej„, that is, 

y M, nM« C Ce- 

q<PE 
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Proof, (a) Fix q G (1,Pe) and let w G Mg. Choose r G {qE,oo). Then q < r 
and therefore Mg C Mr- In particular, by [H Theorem 4.11, p. 223] (see also [H 
Theorem 8]), P is of joint weak type {q,q;r,r) with respect to {R+,wdt). More 
precisely, according to [4j Definition 5.4, p. 143], for every / G and every 

t > 0 

(pfut) < csM:m, 

where So- stands for the corresponding Calderon operator associated with the in¬ 
terpolation segment a := {q~^,q~^\r~^,r~^) (see [U p. 142]). By Boyd’s theorem 
[U Theorem 5.16, p. 153], Sa is bounded on E. Therefore, we obtain 

II^/IIe„ = ||(P/);I1e < C'||5./:||e < C\\S4ciE)\\f\\E^ 
for every / G -|-L^^(1R+). Since C + (see, for example, (TUI Lemma 
4.2]), this inequality yields boundedness of P on E^, and thus w G M^. 

Since M‘^ C for every q < p (see, for example, [U Proposition 2.9]), the 
proof of (b) follows exactly the same argument as above. The statement (c) is an 
immediate consequence of (a) and (b) and the definition of Ce- El 

As in [5], we also introduce the classes A~ = A” (1R+) and A+ = A+(IR+) of 
Muckenhoupt-Sawyer type weights associated with one-sided maximal functions on 
the half-line. First, given p G (1, oo), we say that a weight w belongs to A~, if 

[in].- := sup 7 —f [ wdt^ f [ dt | < oo. (A“) 

^ o<a<b<c{c-a)P J j ^ 

Second, we set A+ := {w^~p : w G A~,} (p G (l,oo)). Note that every decreasing 
function w : (0, oo) ^ (0, oo) belongs to A~ for every p G (l,oo). Moreover, 
A~ C Mp for every p G (1, oo); in order to see this, use also that for every p G (1, oo) 
and every weight w G A~ one has E^, C L[^^(1R+) for some r > 1 [9l Proposition 
4.2(ii)]. Since, in addition, the classes A~ possess the so-called openness property, 
that is, Uo<p^g = (see [9] Lemma 2.5]), we get the following consequence of 
Theorem |4.2I 

Corollary 4.3. Let E &e a rearrangement invariant Banach function space over 
(lR+,dt) with Boyd indices pe, qE G (l,oo). Then, A~^ C Me and C M^. In 
partieular, fl C Ce . 

At the end of the section, we make some complementary remarks to Theorem 
14.21 and Corollary 14.31 that is, we collect some more relations between the classes 
Mp, Cp, and A~, A+. 

Proposition 4.4. The following assertions hold: 

(a) The elasses Mp and (p G (l,oo)j do not have the openness property in 

the sense that [Jg^pMg C Mp and Uq<p-^^ % every p G (l,oo). 

In particular, the inclusions Ap C Mp and A+ C M^ for p G (l,oo) are 
proper. 

(b) For every p G (1, oo), the inclusions Ap C A+ C Cp C A“ fl C A“ are 
proper. 

Proof, (a) Note first that the openness property for the classes Mp is equivalent 
to the openness property for the classes M^. However, the lack of the openness 
property for the class Cp = MpCiM^ has recently been shown in in Duoandikoetxea, 
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Martin-Reyes & Ombrosi [Ill Proposition 4.1]. Since Mq C Mp and C for 
all p, q G (1, oo) with q < p, and since the classes Uq<p (P G (!> o®)) do possess 
the openness property, the two inclusions in the statement are strict. We remark 
in addition to this abstract argument that a straightforward calculation shows that 
the weight constructed in the proof of m Proposition 4.1] illustrates this fact, too. 

(b) A similar argument as in (a) shows that the first inclusion is proper. For the 
last one, recall that every decreasing function on (0, c») is in A“, but not necessarily 
locally integrable on 1R+. In order to show that Cp ^ A~ n one may check 
that for every a G (—1,0] the weight 


f r, 0 < t < 1 
i t > 1 


belongs to ni<p<oo but not to any Cp (p G (1, oo)). 


□ 


Remark 4.5. The question whether the inclusions Mp^ C Me and / or Cp^ C Ce 
hold for any rearrangement invariant Banach function space E over (lR-|_,dt) with 
Boyd indices pe, <7e G (1,oo) is left open. 


5. The maximal regularity 

Let A be a closed linear operator on a Banach space X. Let E be a rearrangement 
invariant Banach function space over (1R+, df), and let be a weight on (0, oo). We 
denote by ^w^ioc(X) the space of all (equivalence classes) of measurable functions 
/ : [R+ —>■ AT such that \f\x X(o,t) G E^, for every r > 0. We say that the first order 
Cauchy problem 

M -I- Au = / on 1R-|_, u(0) = 0, ( 8 ) 

has Eyj-maximal regularity if for each right-hand side / G Eui,iociX) there exists a 
unique function u G Wl^^{X) such that ii, Au G Ei„ lociX), and such that u solves 

The theory of maximal regularity of abstract linear evolution equations plays an 
important role in applications to nonlinear problems. Its study combines results 
and techniques from harmonic analysis, Fourier analysis, theory of singular integral 
operators, operator theory, geometry of Banach spaces and interpolation theory. 
Whereas in the definition of E^j-maximal regularity, and thus in the Cauchy problem 
([51) above, one considers only zero initial values, the following result treats the full 
Cauchy problem with nonzero initial values and right-hand sides. 

Theorem 5.1. Assume that the problem ([5]) has -maximal regularity for some 
p G (1, oo). Then, for every rearrangement invariant Banach function space E over 
(IR+, dt) with Boyd indices pe, qE G (1, oo), for every weight w G Ap|^(IR+), for every 
f G Ew^iociX) and every x G {X, Da)e„ the problem 

ii -\- Au = f on R+, u(0) = x, (9) 

admits a unique solution u G kFjoc (Al) satisfying ii, Au G Ew.ioc (X). 

We point out that for the initial value x = 0 the above theorem reduces to the 
extrapolation result [HI Theorem 5.1] which says that L^’-maximal regularity for 
some p G (l,oo) implies E^-maximal regularity for every rearrangement invariant 
Banach function space E and every weight w as in the statement. Note also that, 
by definition of the trace space [X, D^]e„ (and since C X), the condition 
on the initial value x is necessary for the conclusion (use that the class A~^ is 
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contained in Me by Corollary 14.31 and that the interpolation spaces [X, Da]e„ and 
{X, Da)e„ coincide by Theorem l2.3ll . The point of Theorem ib.ll is that the condition 
X G {X, Dyi)E„ is actually sufficient for the conclusion. 

Proof of Theorem \5.1\ Existence. Assume that A has L^’-maximal regularity for 
some p G (l,oo), and let E, w, f and x be as in the statement. Then there 
exists V G W^'^'“{X,Da) such that i;(0) = x. By [9l Theorem 5.1], there exists 
z G Wjoc (A) such that i, Az G Ew,ioc{X) and 

z + Az = —V — Av + f on 1R+, z(0) = 0. 

Now u-.= V + z \s a. desired solution of (|9]). 

Uniqueness follows from the unique solvability of ([8]) with / = 0, that is, from 
the assumption of -maximal regularity and O Theorem 5.1]. □ 

References 

1. M. A. Arino, B. Muckenhoupt, Maximal functions on classical Lorentz spaces and Hardy’s 
inequality with weights for nonincreasing functions, Trans. Amer. Math. Soc. 320 (1990), 
727-735. 

2. J. Bastero, M. Milman, F. J. Ruiz, On the connection between weighted norm inequalities, 
commutators and real interpolation, Mem. Amer. Math. Soc. 154 (2001). 

3. C. Bennett, Banach function spaces and interpolation methods. 11. Interpolation of weak-type 
operators, Linear operators and approximation, II (Proc. Conf., Math. Res. Inst., Oberwolfach, 
1974), Birkhauser, Basel, 1974, pp. 129-139. Internal. Ser. Numer. Math., Vol. 25. 

4. C. Bennett and R. Sharpley, Interpolation of operators, Pure and Applied Mathematics, vol. 
129, Academic Press Inc., Boston, 1988. 

5. Yu. A. Brudnyi and N. Ya. Krugljak, Interpolation functors and interpolation spaces. Vol. 
I, North-Holland Mathematical Library, vol. 47, North-Holland Publishing Co., Amsterdam, 
1991, Translated from the Russian by Natalie Wadhwa. 

6. P. L. Butzer and H. Berens, Semi-groups of operators and approximation. Springer Verlag, 
Berlin, Heidelberg, New York, 1967. 

7. A.-P. Calderon, Spaces between and L°° and the theorem of Marcinkiewicz, Studia Math. 
26 (1966), 273-299. 

8. R. Chill, A. Fiorenza, Singular integral operators with operator-valued kernels, and extrapo¬ 
lation of maximal regularity into rearrangement invariant Banach function spaces, J. Evol. 
Eq. 12 (2014), 795-828. 

9. R. Chill, S. Krol, Weighted inequalities for singular integral operators on the half-line. Preprint 
(2014). 

10. R. Chill, S. Krol, Extrapolation of LP-maximal regularity for second order Cauchy problems. 
Perspectives in operator theory, Banach Center Publ., vol. xx, Polish Acad. Sci., Warsaw, 
2016, p. XXX. 

11. D. V. Cruz-Uribe, J. M. Martell, and C. Perez, Weights, extrapolation and the theory of Rubio 
de Francia, Operator Theory: Advances and Applications, vol. 215, Birkhauser/Springer 
Basel AG, Basel, 2011. 

12. G. P. Curbera, J. Garcia-Cuerva, Jo. M. Martell, C. Perez, Extrapolation with weights, 
rearrangement-invariant function spaces, modular inequalities and applications to singular 
integrals, Adv. Math. 203 (2006), 256—318. 

13. G. Dore, functional calculus in real interpolation spaces, Studia Math. 137 (1999), 161- 
167. 

14. J. Duoandikoetxea, F. J. Martm-Reyes, S. Ombrosi, Calderon weights as Muckenhoupt 
weights, Indiana Univ. Math. J. 62 (2013), 891-910. 

15. B. H. Haak, M. Haase, P. C. Kunstmann, Perturbation, interpolation, and maximal regularity, 
Adv. Differential Equations 11 (2006), 201-240. 

16. M. Haase, The functional calculus for sectorial operators. Operator Theory: Advances and 
Applications, vol. 169, Birkhauser Verlag, Basel, 2006. 


REAL INTERPOLATION WITH WEIGHTED REARRANGEMENT INVARIANT BFS 19 


17. N. J. Kalton and T. Kucherenko, Sectorial operators and interpolation theory, Interpolation 
theory and applications, Contemp. Math., vol. 445, Amer. Math. Soc., Providence, RI, 2007, 
pp. 111-119. 

18. N. J. Kalton and T. Kucherenko, Operators with an absolute functional calculus, Math. Ann. 
346 (2010), no. 2, 259-306. 

19. T. F. Kalugina, Interpolation of Banach spaces with a functional parameter. Reiteration 
theorem, Vestnik Moskov. Univ. Ser. I Mat. Meh. 30 (1975), 68-77. 

20. H. Komatsu, Fractional powers of operators. II. Interpolation spaces, Pacific J. Math. 21 
(1967), 89-111. 

21. H. Komatsu, Fractional powers of operators. VI. Interpolation of non-negative operators and 
imbedding theorems, J. Fac. Sci. Univ. Tokyo Sect. lA Math. 19 (1972), 1-63. 

22. C. Kriegler, L. Weis, Paley-Littlewood decomposition for sectorial operators and interpolation 
spaces, 195 (2010), 231-244. 

23. P. Kunstmann, A. Ullmann, IZs-sectorial operators and generalized Triebel-Lizorkin spaces, 
J. Fourier Anal. Appl. 20 (2014), 135-185. 

24. J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces I, II, Springer Verlag, Berlin, Hei¬ 
delberg, New York, 1979. 

25. A. Lunardi, Analytic Semigroups and Optimal Regularity in Parabolic Problems, Progress in 
Nonlinear Differential Equations and Their Applications, vol. 16, Birkhauser, Basel, 1995. 

26. A. Lunardi, Interpolation theory, second ed., Appunti. Scuola Normale Superiore di Pisa 
(Nuova Serie). [Lecture Notes. Scuola Normale Superiore di Pisa (New Series)], Edizioni della 
Normale, Pisa, 2009. 

27. J. Martin, M. Milman, Extrapolation methods and Rubio de Francia’s extrapolation theorem, 
Adv. Math. 201 (2006), 209-262. 

28. P. Meyer-Nieberg, Banach Lattices, Springer Verlag, Berlin, Heidelberg, New York, 1991. 

29. M. Meyries, R. Schnaubelt, Interpolation, embeddings and traces of anisotropic fractional 
Sobolev spaces with temporal weights, J. Funct. Anal. 262 (2012), 1200-1229. 

30. M. Meyries, R. Schnaubelt, Maximal regularity with temporal weights for parabolic problems 
with inhomogeneous boundary conditions. Math. Nachr. 285 (2012), 1032-1051. 

31. M. Meyries, M. C. Veraar, Traces and embeddings of anisotropic function spaces. Math. Ann. 
360 (2014), 571-606. 

32. B. Muckenhoupt, Hardy's inequality with weights, Studia Math. 44 (1972), 31-38. 

33. G. Peetre, Espaces d’interpolation, generalisations, applications, Rend. Sem. Mat. Fis. Milano 
34 (1964), 133-164. 

34. J. Peetre, A theory of interpolation of normed spaces, Notas de Matematica, No. 39, Instituto 
de Matematica Pura e Aplicada, Conselho Nacional de Pesquisas, Rio de Janeiro, 1968. 

35. Y. Sagher, Real interpolation with weights, Indiana Univ. Math. J. 30 (1981), no. 1, 113-121. 

36. H. Triebel, Theory of Eunction Spaces, Birkhauser, Basel, 1983. 

37. H. Triebel, Theory of function spaces. II, Monographs in Mathematics, vol. 84, Birkhauser 
Verlag, Basel, 1992. 

38. H. Triebel, Interpolation theory, function spaces, differential operators, second ed., Johann 
Ambrosius Barth, Heidelberg, 1995. 

39. A. Yagi, Parabolic equations in which the coefficients are generators of infinitely differentiable 
semigroups II, Funkcial. Ekvac. 33 (1990), 139-150. 

R. Chill, Institut fur Analysis, Fachrichtung Mathematik, TU Dresden, 01062 Dres¬ 
den, Germany 

E-mail address: ralph.chill@tu-dresden.de 

S. Krol, Institut fur Analysis, Fachrichtung Mathematik, TU Dresden, 01062 Dres¬ 
den, Germany and Faculty of Mathematics and Computer Science, Nicolaus Copernicus 

University, ul. Chopina 12/18, 87-100 Torun, Poland 

E-mail address: sebastian.krol@mat.umk.pl 



